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This report introduces a five-parameter model of the response of the atmospheric carbon diox-
ide concentration, < CO2 >, to anthropogenic atmospheric carbon emissions. A fraction those
emissions becomes promptly unavailable to the atmosphere. That fraction decreases as < CO2 >
builds up. The remainder gradually equilibrates between the atmosphere and a surface and sea
reservoir. The model parameters are calibrated against direct globally averaged measurements of
< CO2 > from 1979–2019. Also used for calibration are published results of a Gedankenexperiment
starting with preindustrial < CO2 >, increasing it exponentially at a rate of 1%/year, and then
decaying after anthropogenic carbon emissions abruptly cease. Historical emissions are fit with a
sum of a logistic function and two functions that are proportional to derivatives of logistic func-
tions. Extrapolations of < CO2 > are shown with those fits and four global “Green Deal” emissions
futures.

1. Motivation and Calibration

The present approach was motivated by a need for readily understandable and rapidly computable
< CO2 > extrapolations for use in human participant simulations of the economic impacts of climate
change policy options [1]. Previously, a data-calibrated model used for this purpose accounted only
for a decrease in solubility of CO2 with increasing ocean water acidity [2]. That model did not allow
for a decrease in < CO2 > following a substantial reduction or elimination of future anthropogenic
carbon emissions. (Herein, the content of carbon in anthropogenic emissions of CO2 is referred
to simply as emissions. Also, the references here to atmospheric carbon refer only to carbon in
CO2 and include neither comparatively very small amounts of carbon in other gases nor carbon in
non-gaseous form.) The present approach reproduces a least squares fit to a Gedankenexperiment
example from a Zero Emissions Commitment Model Inter-comparison Project (ZECMIP) that
shows a substantial < CO2 > reduction after abrupt termination of emissions [3, 4]. The equations
used here are

a′ = feec − s′(1.1)

s′ = ν(rsaa− s)(1.2)

Here ec is emissions in TtonneC/yr and a and s are respectively the TtonneC carbon content of the
atmosphere and of a reservoir in the earth’s surface and oceans. Annual rates of change of these
quantities are a′ and s′. In the absence of emissions, and also after an approach to their eventual
elimination, the values of a and s respectively start with and eventually approach equilibria with a
constant ratio rsa = s/a. The fraction fe of emissions that partition between a and s is

(1.3) fe = 1 + (fm − 1)e−(a−a0)/a3

where a0 is the year 1750 atmospheric carbon content in CO2. The remaining fraction (1 − fe)
is assumed to remain sequestered away from exchange back into the atmosphere on time scales
of interest here. For graphical purposes, the computed value of a is divided by c1 = 0.002124
TtonneC/ppm [5] to convert to < CO2 > in parts per million by volume. The values of c1, ν,
rsa, fm, and a3 are listed in Table 1, along with other constants to be discussed below. Values
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of parameters referring to atmospheric carbon content are also listed as < CO2 > equivalents in
Table 1.

Table 1. Carbon Balance Constants

Symbol Value Units ppm Description

a0 0.592 TtonneC 287.7 atmospheric carbon in CO2 in 1750
fm 0.581 1 minimum prompt sequestration escape fraction
a3 0.524 TtonneC 246.8 constant affecting increase in sequestration escape
ν 0.01285 1/yr a and s equilibration rate
rsa 1.53311 1 s/a ratio in equilibrium
c1 0.002124 TtonneC/ppm convert < CO2 > to atmospheric TtonneC
µ 0.01 1/yr Gedankenexperiment < CO2 > growth rate
ρ 0.03256 1/yr Gedankenexperiment < CO2 > decay rate
a1 1.096 TtonneC 516.2 Gedankenexperiment maximum atmospheric carbon
a2 0.877 TtonneC 412.9 Gedankenexperiment long-term atmospheric carbon
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Figure 1.Figure 1.Figure 1. (a) Evolution of < CO2 > with exponential growth at 1%/yr followed by decline after an
abrupt halt to carbon emissions, compared to results from a GFDL-ESM calculation (dots near the
curve) and 18 ZECIMP project cases (small dots) and their averages (large dots). (b) Comparison
of < CO2 > data to solutions from equations (1.1) and (1.2) using Table 1 values of rsa, ν, a3, and
fm, along with simulation results for earlier years (dashed curve) and corresponding years’ data
not used for parameter estimation.

Parameters in the escape from prompt sequestration fraction function, fe, were estimated from
a least squares fit to global average direct measurements [6] of < CO2 >. Only < CO2 > global
averages based on the direct atmospheric measurements for 1979–2019 were used for this calibration;
but Figure 1b also compares < CO2 > from ice cores [7] to solution of the above global carbon
balance equations. Before 1750, < CO2 > is approximated as constant, as are emissions of 0.000077
TtonneC/yr listed in Table 1 dominated by land use changes, that rate of emissions is subtracted
from the total emissions when computing the evolution of < CO2 > shown in Fig. 1b and the
extrapolation results shown in Fig. 3b. Rationale and methods used for estimating the values of
fm and a3 listed in Table 1 and used in equation (31.3) are described in Appendix A below.
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Table 2. Carbon Emissions Constants
Type, with Units in TtonneC yr−1 b0 b1 b2 (Julian Year) b3 (yrs)

Industrial b0 + b1u -0.000002 0.015285 2002.57 27.82
Land Use Early b0 + b1u(1 − u) -0.000075 0.005940 1950.98 46.20
Land Use Late b1u(1 − u) 0 0.002967 2021.63 8.91

2. No New Policy Emissions Extrapolations ± Fluid Fossil Fuel Depletion Effect

Figure 2a compares the emissions function fit using Table 2 parameters to the input emissions
data [8] over the time range 1850–2019, without the small constants b0 included in the fit. Figure 2b
shows that function fit extrapolated to cover the range of years 1750–2120, with the contants b0
included so what is plotted is the increase over the year 1750. The upper curve in Figure 2b has
emissions equal to eind + eland, where eind is is from the first line in Table 2 and eland is from the
sum of early and late land use formulas in Table 2.

1850 1900 1950 2000

0.000

0.002

0.004

0.006

0.008

0.010

0.012

Year

T
to
nn
eC

/y
r

No Depletion

Depletion

1750 1800 1850 1900 1950 2000 2050 2100
0.000

0.005

0.010

0.015

Year

T
to
nn
eC

/y
r

Figure 2.Figure 2.Figure 2. (a) Comparison of anthropogenic carbon emissions data and functional fit. (b) Func-
tional fit to data shown in Figure 2a, extrapolated to 1750 and 2120 without (upper curve) and
with (lower curve) fluid fossil fuel depletion effect included.

The lower curve in Figure 2b includes a correction for the effect of depletion of more readily
extractable resources of fluid fossil fuels (i.e. of natural gas and oil). The corresponding formula
for extrapolated emissions is

(2.1) ec = fceind + (1 − fc)fdeind + eland

where

(2.2) fd =

(
1 +

1 + bdMax[U,U2019]

1 + bdU2019

)βf
The formula for cumulative sum of industrial atmospheric carbon emissions is

(2.3) U = −b1b2 + b1b3 ln[eb2/b3 + et/b3 ] + b0(t− 1750)

where b0, b1, b2, and b3 are from the first row of numbers in Table 2. The value of U2019 =
0.44 TtonnneC listed in Table 3 is the cumulative global industrial atmospheric carbon emissions
U from 1750 to 2019. Extrapolated carbon emissions from industrial coal use in equation (2.1) are
taken to continue their recent 1965-2019 fraction fc of what total extrapolated industrial emissions
would be in the absence of fossil fuel depletion effects. The rationale for this approach is noted in
Appendix A, as is the data used for estimating of the value fc = 0.41 listed in Table 3.
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Including the expression Max[U,U2019] in the equation for the fluid fossil fuel resource depletion
factor fd is a shorthand way of expressing that this depletion effect applies only to extrapolation
of anthropogenic atmospheric carbon emissions after 2019. The idea behind this approach is that
historically a globally commercially competitive market in fossil fuels had yet to evolve, and tech-
nological advances had helped to balance the cost escalation effect of resource depletion. However,
impacts of technological advances in resource extraction have physical limits. Also, depletion of
regional geologic resources is assumed to eventually drive extraction costs higher than transporta-
tion costs, leading to evolution of global markets for both natural gas and oil. Any model of the
long-term evolution of resource depletion effects on the future of carbon emissions is necessarily
very approximate. Here, this effect accounts for a 5% reduction in extrapolated emissions by 2060,
and it allows for continued growth in extrapolated emissions up to 2088. Inclusion of the resource
depletion effect is in practice not particularly important, but conceptually it recognizes that de-
pletion of geologically limited competitive fluid fossil fuel resources may eventually constrain the
growth of their use that helped drive a rapid rise in global atmospheric carbon emissions after
World War II.

Table 3. Carbon Balance Constants

Symbol pp4 Value Units Description

gc 0.32 1 coal fraction of 1965–2019 fossil energy use
fc 0.41 1 coal fraction of 1965–2019 carbon emissions
bd 0.68 1/TtonneC fluid fossil fuel depletion effect coefficient
βf -0.35 1 fluid fossil fuel demand elasticity exponent
U2019 0.44 TtonneC cumulative industrial emissions through 2019

Table 3 lists coal fractions of energy production and carbon emissions, gc and gf , the extraction
cost escalation coefficient, bd, and the price elasticity of demand, βf . Methods for estimating these
constants and those in the above expression for ec are described in Appendix A.

3. Green Deal Examples

Figure 3 shows the evolution < CO2 > resulting from different sets of globally uniform policy
choices. Each case has extrapolated emissions from equations (1.2) and (1.3)multiplied by the
factors shown in Figures 3a. For the Hard, Reference, and Soft cases in Figure 3, zero anthropogenic
carbon emission is approached asymptotically along different pathways. For each policy choice,
extrapolated emissions given by equations (2.1)–(2.3) are multiplied by (1−g1 +g1fp/fp0). Results
are also shown in Figure 3 with the same Reference curve parameters but with g1 = 1/3 and 2/3.

(3.1) fp = (f45 − f23)y + g3(1 + f23) ln[ey3 + e23] − g5(1 + f45) ln[ey5 + e45]

with e23 = eg2/g3 , e45 = eg4/g5 , ey3 = ey/g3 , ey5 = ey/g5 , f23 = 1/e23, f45 = 1/e45, y = t− 2019, and
fp0 is the value of fp evaluated for y = 0. While this function looks complicated, the description in
the next paragraph of the function of the constants g1 . . . g5 clarifies how they allow for a readily
understandable and flexible choice of policy options to explore.

The conceptual starting point for all of the cases shown here is a straight line decrease of the
extrapolated emissions multiplier. Modifying that are (i) a slower start after 2019 and (ii) avoidance
of an abrupt transition towards zero emissions when approaching the zero emissions point of a linear
emissions multiplier. The idea behind the smoother final transition to zero emissions is that that
phase is the most expensive part of the emissions reductions process to implement, and thus may
be likely to be taken more slowly. The idea behind the slower start of a global cooperation is that
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it would take time to arrange widespread cooperation. Emissions reductions multipliers are applied
starting in 2019. No attempt is made to model the very small impact of possibly very transient
emissions reductions that occurred in 2020 [9]. The effects of these minor transients on the overall
evolution of < CO2 > is taken to be negligible compared to that of the policy options examined
here.

The parameter g1 is the fraction of global carbon emissions implementing a Green Deal policy.
The annual rate of change of the function fp is s23 − s45 where s23 and s45 are smoothed step

functions. Here s45 = u45 − e−(g4/g5(1 − u45), where u45 = 1/(1 + e−(y−g4)/g5) is a unit logistic
function. Thus, an emissions reductions policy is half way to start of implementation after g4 years
on a path with a startup timescale of g5 years. Similarly, s23 = u23 − e−g2/g3(1 − u23), where

u23 = 1/(1 + e−(y−g2)/g3). An emissions reduction policy is gradually terminated on a timescale of
g3 years with the termination phase being half way to completion g2 years after 2019.

Table 4 lists the values of parameters used for different policy choice cases. Figures 3a–4b all
show results for a Reference “Full Green Deal” cases with g1 = 1. The Reference case has a startup
delay of g4 = 4 years and an additional transition time to a nearly linear decline in the emissions
multiplier of g5 = 4 years. The target time for continuation of that nearly linear emissions multiplier
decline is g2 = 30 years, and the timescale for pursuing the final approach towards zero emissions
is g3 = 8 years. The Hard case results shown in Figure 3b assume an abrupt transition to final
approach to zero global emissions, on a g3 = 2 year timescale.

Table 4. g2 . . . g5 in Years

Case g2 g3 g4 g5

Reference 30 8 4 4
Hard 30 2 4 4
Soft 30 24 4 4
Early 20 8 4 4
Late 40 8 4 4
Prompt 30 8 2 2
Slow 30 8 8 8
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Figure 3.Figure 3.Figure 3. a) Carbon emission multipliers and (b) < CO2 > with first three rows of numbers in
Table 4 and either g1 = 1 or the indicated Green Deal fraction.

Compared to the artificial Gedankenexperiment result in Figure 1a, the Reference case does not
result is as much reduction in < CO2 > below its maximum value. However, this case does allow
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for a reduction in < CO2 > below its year 2019 and maximum year values without the need for as
abrupt a final transition to zero emissions as in the Hard case. This type of flexibility may be of
interest in policy negotiation simulations.

The Soft case in Figure 3a assumes global cooperation on a much more gradual transition towards
zero emissions. The result for < CO2 > in Figure 3b for the current century is nearly the same as
for 2/3 global cooperation on the Reference case timescales. Without either the Soft or 2/3 Green
Deal levels of global cooperation, < CO2 > continues to increase through the current century and
beyond.

Figures 4a and 4b compare emissions multipliers for the reference Green Deal case plotted in
Figure 3a to examples also computed with g1 = 1 but using the last four rows of numbers in
Table 4. Figure 4a illustrates how the time scale the rate of final approach to zero global emissions
can be varied. Figure 4b illustrates how the time it takes to start substantive implementation of
policies to limit emissions can be varied. Since the evolution of < CO2 > is for the cases shown
in Figures 4a and 4b is similar to that for the Reference case, the point of including these figures
is just to illustrate how flexibility in specifying different emissions policies is built into the single
formula in equation 3.1.
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Fig. 4. (a) Carbon emission multipliers with associated parameters in Table 4 and the emission
multiplier formula in equation (4.1) for (a) Early and Late cases and (b) Prompt and Slow cases.

4. Summary

The results shown here illustrate how a simple but systematically calibrated global carbon balance
model can be used to extrapolate the evolution of < CO2 > for a variety of policies concern-
ing anthropogenic carbon emissions. The key point is that there are various options for keeping
< CO2 > well below doubling of the preindustrial level and limiting it to less than 10% higher than
the year 2019 level for 100 years. This is provided that the breadth of cooperation on emissions
limitations illustrated by the Soft or 2/3 Green Deal cases shown in Figures 3a and 3b could be
achieved.

Appendix A. Calibration and Extrapolation Methods

A.1. Calibration. The initial condition for integrating the global carbon balance equations starts
from an assumed equilibrium with a value s0 = rasa0 in 1750. For integrating the carbon bal-
ance equations to get the curve shown in Figure 1b, a linear interpolation of annual estimates of
global carbon emissions was used. For 1850–2019, those estimates were the data points shown in
Figure 2a. Those numbers are the sums of industrial emissions (less recarbonization due to atmo-
spheric exposure of cement [10]) plus land use emissions [5, 8], plus the sum of the (negative) values
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of b0 in Table 2. From 1750–1849, those annual emissions estimates were from the evaluations of
the emission fitting function using the fitting parameters listed in Table 2.

Estimates of the parameters fm and a3 listed in Table 1 and used in equation (3.1) are from
minimizing the sum of the squares of the differences between the points and curve values for the
1979–2019 portion of Figure 2.1b. Using only the global average estimates of < CO2 > based
on direct atmospheric measurement avoids mixing data sources with different temporal resolution
and with periods of large and smaller average growth compared to a steady growth trend. The
approach used here is taken to be suitable for a goal of extrapolating more recent historical trends
rather than analyzing in detail the uncertainties in earlier historical data estimates and methods
for fitting that data.

A.2. Fluid Fossil Fuel Depletion Effect on Extrapolation. The extrapolation of a historically
calibrated fit to emissions shown as the dashed curve in Figure 2b increases monotonically forever,
an impossible result given limits on economically competitive extraction of finite fossil fuel resources.
For perspective on this question, Table 5 lists parameters for linear fits to the cost of extracting
geological resources [11] of natural gas, oil, and coal as a function of cumulative total resource
depletion. Market prices include transportation and other costs approximated here to be equal to
the average of the intercepts in inflation adjusted dollars (USD2020) per GJ of combustion energy
listed in Table 5. The average U.S. crude oil import price for 1990–2019 was 8.9 USD2020 per GJ
($54/barrel) [12]. The formula used here back-extrapolated to 2005 gives 9.6 USD/GJ. Given the
volatility of oil prices, a simple factor of two was used for the ratio of prices due to fixed costs and
the average of the zero resource depletion intercept for oil and natural gas. This despite that a
measure of the average international price of natural gas over the same period at 6.6 USD/GJ ($7.0
per million British Thermal Units) is lower than the per unit energy oil price. A global market price
for natural gas is difficult to discern in view of what remains a regionally fragmented market and
is thus not considered to be definitive enough to prompt revision of the simple approach used here.
The slopes listed in Table 5 for these fits are in units of USD2020/GJ per ZJ of cumulative global
depletion for each fossil fuel resource. The slope listed in Table 5 for coal is so much smaller than
for natural gas and oil that the impact of resource depletion on price and use of coal is neglected
here.

With rates of future energy from natural gas and oil approximated as being equal in the very
approximate analysis here, the average cost P of natural gas and oil is P = bff + mffZ, where
bff = bgas + boil from Table 5 and mff = (mgas + moil)/2. (The value of bff is twice the average of
the natural gas and oil intercepts, for reasons noted in the previous paragraph.) Here Z = gfZtotal

is approximated as equal cumulative energy from depletion of natural gas, and of oil, and Ztotal

is the cumulative total global energy from fossil fuels. Since the resource depletion effect is small,
for simplicity the value of gf = (1 − gc)/2 = 0.34 for the fractions each of extrapolated energy use
from natural gas and oil is used in the equations in the next paragraph. Here gc = 0.32 is the
nearly constant fraction (with a standard deviation of 0.026) of global fossil fuel energy from coal
for 1965–2019 [14].

Using the carbon emission intensities of fossil fuel combustion constants r listed [15] in Table 5
gives Uc = (cgasgf + coilgf + ccoalgc)Ztotal with Ztotal = Zgf . Using this to eliminate Z in favor
of Uc in P = bff + mffZ gives P = bff(1 + bdUc) with the value of bd listed above in Table 3. The
formula fc=r3gc/(r3gc + (r1 + r2)(1− gc)/2) gives the value fc = 0.41 listed in Table 3 and used in
equation (2.1). Here gc is the 1965–2019 average coal fraction of fossil energy combustion energy
listed in Table 3. The fraction fc of carbon emissions from coal is larger than the fraction gc of
fossil fuel energy from coal because coal is a more carbon-intensive energy sourse than fluid fossil
fuels.
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Table 5. Fossil Fuel Depletion Constants

Symbol Units Natural Gas Oil Coal

Fuel type 1 2 3
b USD2020/GJ 3.1167 4.5591 3.0320
m (USD2020/GJ)/ZJ 0.2816 0.3018 0.0354
r TtonneC/ZJ 0.0137 0.0193 0.0247

The above-mentioned price elasticity of demand of βf= -0.35 is taken here to correspond to market
price rather than extraction cost. The value of βf used here comes from an analysis of Mexico [16],
a middle per capita income country with a low coal fraction of energy use. The implicit assumption
here is that consumption of fluid fossil fuels will eventually respond to evolution of a global market
price, around which oscillations occur, because incremental cost changes associated with resource
depletion effects will come to dominate over fuel transport costs and other factors that set a
minimum global average market price. Taking the ratio of the modeled market price to its 2019
value to the βf power gave the formula and parameter values described above for the impact of fluid
fossil fuel resource depletion on extrapolated emissions. The complication of removing a correction
for the portion of industrial emissions from concrete [8, 10], is also avoided, since accounting for
that only had about a 1% effect on the estimated parameter values.

For coal, the corresponding value of the coefficient m in Table 5 is about 1/8 of that for fluid fossil
fuels, so no resource depletion effect is included in the contribution to extrapolated carbon emissions
from coal. Increases in use of coal are assumed to be limited by regional pollution concerns even
if resource depletion increases the cost of fluid fossil fuels, so for simplicity no effect on coal use of
elasticity of substitution between coal and fluid fossils fuels is included. For cumulative emissions
compatible with the cases above in Figures 3 and 4, the resource depletion effect has little impact
on the results. However, the resource depletion effect is more significant for examples that allow
for larger cumulative emissions while limiting global average temperature through solar radiation
management, e.g. via stratospheric sulfur injection. Preparation for such additional applications of
the present model is one reason that this effect is included. Also, isubsequent work examining the
impact of different regional policies on carbon emissions limits price elasticity of demand is planned.
That is because one or more regions limiting fluid fossil fuel use would limit resource depletion and
should thus limit global market price increases. Accounting for price elasticity of demand for fluid
fossil fuels will avoid implicitly assuming that a reduction by emissions from one region will lead
to an equal reduction in global emissions.
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